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7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW
SURYLGH DOO FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV
WKH\ KDYH REWDLQHG� ,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH
RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR UHFHLYH DOWHUQDWLYHV FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\



�� % ��.� × �.� + �.� × �.� = �.� (�.� + �.�) = �.� × �� = ��

�� $ 7KH�GLDPHWHU�LV� �(� × �.� + �.�) PP = (�.� + �.�) PP = �.� PP

�� ( ��EXW�WKLV�LV�WKH�H[DPSOH�JLYHQ�LQ�WKH�TXHVWLRQ�� �
� ���+RZHYHU�� ��VR� �

�� ÷ � = � �� ÷ � ≠ �
�� ÷ � ≠ � �� ÷ � ≠ � �� ÷ � = � s = �
^Note also that �`�� ÷ � ≠ �

�� ( 7KH�GLIIHUHQFH�EHWZHHQ�WKH�DQJOHV�LV� �( ��� − �
��) × ���°

�� & 7ULDQJOHV �DQG� �DUH�HDFK�RI�DUHD� �A C �
� × � × � FP�

7ULDQJOHV �DQG� �DUH�HDFK�RI�DUHD� �B D �
� × � × � FP�

6R�WKH�VKDGHG�DUHD�LV� �[�� − (�� + �)] FP� = �� FP�

A B

CD

�� % 7KH�QH[W�SDOLQGURPLF�QXPEHU�DIWHU�������LV��������VR�WKH�FDU�WUDYHOOHG����
PLOHV�LQ�WKH�WZR�GD\V�

�� $ $OWHUQDWH�DQJOHV� �DQG� �DUH�HTXDO��VR�OLQHV
�DQG� �DUH�SDUDOOHO��7KHUHIRUH

��FRUUHVSRQGLQJ�DQJOHV��

BDF DFG
BD FG
∠BCA = ∠FGC = ��°
&RQVLGHU�WULDQJOH� � ��VR

�
ABC x + �� + �� = ���

x = ��
��° ��°

x°

x°

x°

A

B

C

D

E

F

G

�� ( 7KH�EDVH�RI�WKH�RSHQ�ER[�LV�D�VTXDUH���/HW�LWV�VLGH�EH�RI�OHQJWK� ���7KHQ�WKH
WRWDO�VXUIDFH�DUHD��RI�WKH�ER[�LQ� �LV ���+HQFH

��WKDW�LV� ���7KHUHIRUH� �
ZKLFK�JLYHV� �RU� ��$V� �LV�SRVLWLYH��LW�PD\�EH�GHGXFHG�WKDW�WKH
RSHQ�ER[�KDV�GLPHQVLRQV� ���6R�LWV�YROXPH�LV� �

x FP
FP� x� + � × �x = x� + �x

x� + �x = ��� x� + �x − ��� = � (x + ��)(x í ��) = �
x = −�� x = �� x

�� FP × �� FP× � FP ��� FP�

�� $ ,Q�D�WULDQJOH��DQ�H[WHULRU�DQJOH�LV
HTXDO�WR�WKH�VXP�RI�WKH�WZR�LQWHULRU�
RSSRVLWH�DQJOHV��5HSHDWHGO\�DSSO\LQJ
WKLV�WKHRUHP�

�
� �

p = ��� − �� = ��
q = p − �� = �� r = q − �� = ��
7KHUHIRUH �x = ��� − r = ���

��°
��°

��°

���°x° p°q°r°

��� ( 2QH�WRQQH� �����NJ� ����������J��6R�WKH�QXPEHU�RI�PLFH�LV
�� ��� ��� ÷ �� = ��� ���

��� ( ����� × ���� = (�� − �
�) × (�� + �

�) = ��� − (��)� = ��� − �
� = �����

��� ' ����6R�WKH�ILUVW������GLJLWV�DUH������µ�¶V�DQG�����
µ�¶V���7KHUHIRUH�WKH�UHTXLUHG�WRWDO�LV� �
�� ÷ �� = � �

�� = �.������…
���� × � + ���� × � = ���� + ���� = ����

��� ' $IWHU�WKH�ILUVW�PRXVH�KDV�HDWHQ�� �RI�WKH�FKHHVH�UHPDLQV��$IWHU�WKH�VHFRQG�PRXVH
KDV�HDWHQ�� �RI� ��WKDW�LV� ��RI�WKH�FKHHVH�UHPDLQV���)LQDOO\��DIWHU�WKH�WKLUG�PRXVH
KDV�HDWHQ�� �RI� ��WKDW�LV� ��RI�WKH�FKHHVH�UHPDLQV��6R�WKH�PLFH�DWH� �RI�WKH�FKHHVH�
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��� ( � � � ���+RZHYHU� �DQG

��VR�����LV�QRW�H[DFWO\�KDOIZD\�EHWZHHQ�D�SRVLWLYH�LQWHJHU�DQG�LWV�VTXDUH�

� = � + ��

�
�� = � + ��

�
�� = � + ��

�
�� = � + ��

�
� + ��

�
= ��

� + ��

�
= ��

�Note that every number which is exactly halfway between a positive integer and
its square is a triangle number. Can you explain why this is so"�

��� $ ,Q�HDFK�URWDWLRQ�ZKLFK� �PDNHV��WKH�UDGLXV�RI�WKH�DUF�LW�GHVFULEHV�LV���XQLW��,Q�WKH
ILUVW�URWDWLRQ�� �WXUQV�WKURXJK�DQ�DQJOH�RI� ��VR�LW�PRYHV�D�GLVWDQFH

��WKDW�LV� ��$V�LW�LV�WKH�FHQWUH�RI�WKH�VHFRQG�URWDWLRQ�� �GRHV�QRW
PRYH�GXULQJ�LW��,Q�WKH�WKLUG�URWDWLRQ�� �DJDLQ�WXUQV�WKURXJK�DQ�DQJOH�RI� ��VR
WKH�WRWDO�GLVWDQFH�WUDYHOOHG�LV� �

C
C ���°

�
� × � × π × � �π

� C
C ���°

� × �π
� = �π

�

��� & 7KH�/�VKDSH�QHHGV�WR�EH�GLYLGHG�DV�VKRZQ�VLQFH
QHLWKHU�RI�WKH�SLHFHV�LV�WR�EH�D�VTXDUH��1RWLFH�WKDW�RQH
RI�WKH�SLHFHV�PXVW�EH�WXUQHG�RYHU���7KH�GLIIHUHQFH
EHWZHHQ�WKH�DUHDV�RI�WKH�WZR�SLHFHV�LV� �� − � = �

��� & 7KH�UHGXFWLRQ�RI�����RII�VDOH�SULFHV�LV�HTXDO�WR�D�UHGXFWLRQ�RI������RII�WKH
RULJLQDO�SULFHV���7KHUHIRUH�WKH�WRWDO�UHGXFWLRQ�RQ�WKH�RULJLQDO�SULFHV�LV

�(�� + �.�)� = ��.��
��� ' $V�WKH�GLDJUDP�VKRZV��HDFK�HTXLODWHUDO�WULDQJOH�PD\�EH�GLYLGHG

LQWR�IRXU�HTXLODWHUDO�WULDQJOHV�RI�VLGH����ZKLOVW�WKH�KH[DJRQ�PD\
EH�GLYLGHG�LQWR�VL[�HTXLODWHUDO�WULDQJOHV�RI�VLGH���
7KHUHIRUH�WKH�IUDFWLRQ�RI�WKH�ZKROH�VKDSH�ZKLFK�LV�VKDGHG�LV

�
�

� × � + �
= �

��
= �

�
��� % $V�FDQ�EH�VHHQ�IURP�WKH�GLDJUDP��0DQFKHVWHU�LV

��NP�ZHVW�RI�/HHGV�DQG����NP�VRXWK�RI�LW�
7KHUHIRUH��E\�3\WKDJRUDV
�7KHRUHP��WKH�GLVWDQFH�LQ
NP�IURP�/HHGV�WR�0DQFKHVWHU�DV�WKH�FURZ�IOLHV�LV

���� + ��� = � �� + �� = � ��
1RZ �DQG� ��VR� �
7KLV�PHDQV�WKDW�WKH�UHTXLUHG�GLVWDQFH�LV�EHWZHHQ
��NP�DQG���NP�DQG��RI�WKH�RSWLRQV�JLYHQ��RQO\

�� = � ��� = �� � < �� < �� 0 '

<+

/
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��

$OO�GLVWDQFHV�DUH�LQ�NP

��NP��FRUUHVSRQGLQJ�WR�WKH�DSSUR[LPDWLRQ� ��OLHV�LQ�WKLV�LQWHUYDO��� ≈ �.�
�Please note that the distances given in this problem are all approximate��

��� ' /HW��0D[�DQG�0ROO\�PHHW�DIWHU�WKH�ODWWHU�KDV�WUDYHOOHG� �PLOHV��7KHQ�0D[�KDV
WUDYHOOHG �PLOHV���6R� ��WKXV� ��7KHUHIRUH�0ROO\�ZDONV�D
WRWDO�RI���PLOHV�

x
(� − x) � − x = �x x = �

��� % /HW �EH�WKH�OHQJWK�RI�HDFK�VLGH�RI�WKH
UHJXODU�RFWDJRQ��7KH�GLDJUDP�VKRZV�SDUW
RI�WKH�ILJXUH���7KH�IRXU�WULDQJOHV�VKRZQ
LQ�WKH�GLDJUDP�DUH�DOO�LVRVFHOHV�ULJKW�
DQJOHG�WULDQJOHV��,Q�VXFK�WULDQJOHV�WKH
UDWLR�RI�WKH�OHQJWK�RI�WKH�K\SRWHQXVH�WR
WKH�OHQJWK�RI�WKH�VKRUWHU�VLGHV�LV� �

�x

� � �

�x

�x

�x

�x

� �x� �x �x

�x�x �x



6R�LQ�WKH�ODUJHU�WULDQJOHV�ZKLFK�KDYH�K\SRWHQXVH�RI�OHQJWK� ��WKH�OHQJWK�RI�WKH
VKRUWHU�VLGHV�LV� ��ZKLOVW�WKH�VPDOOHU�WULDQJOHV�ZLWK�K\SRWHQXVH� �KDYH
VKRUWHU�VLGHV�RI�OHQJWK� �

�x
� �x �x

�x
7KHUHIRUH�WKH�VKDGHG�VTXDUH�LQ�WKH�TXHVWLRQ�KDV�VLGH�RI�OHQJWK� �(� + � �) x
7KH�OHQJWK�RI�WKH�VLGH�RI�WKH�RXWHU�VTXDUH�LV� �(� � + �) x = �(� + � �) x
7KHUHIRUH�WKH�WZR�VTXDUHV�KDYH�VLGHV�LQ�WKH�UDWLR� ��ZKLFK�PHDQV�WKDW�WKHLU
DUHDV�KDYH�UDWLR� �

� � �
� � �

��� % �DQG� ���7KHUHIRUH� ��WKDW�LV� ���6LPLODUO\��DV�
WKHQ ��DV� �WKHQ� �DQG��ILQDOO\��DV� �WKHQ

���7KHUHIRUH� �

�p = � �q = �� (�p)q = �� �pq = �� ��r = ��
�pqr = �� ��s = �� �pqrs = �� ��t = ��

�pqrst = �� pqrst = �
��� $ 3RLQWV � � � �DQG� �DUH��UHVSHFWLYHO\��WKH�SRLQW�ZKHUH�WKH

ODUJH�VHPLFLUFOH�DQG�WKH�FLUFOH�WRXFK��WKH�FHQWUH�RI�WKH�FLUFOH��WKH
FHQWUH�RI�WKH�OHIW�KDQG�VHPLFLUFOH��WKH�FHQWUH�RI�WKH�ODUJH
VHPLFLUFOH�DQG�WKH�FHQWUH�RI�WKH�ULJKW�KDQG�VHPLFLUFOH��7KH�UDGLXV
RI�WKH�FLUFOH�LV� ���,Q�WULDQJOH� � �KDV�OHQJWK��P�� �KDV
OHQJWK �P��VLQFH� �LV�D�UDGLXV�RI�WKH�VHPLFLUFOH�RI

A B C D E

r P BCD CD BD
(� − r) AD

� �

A
B

C D E

r

� + r
� − r

GLDPHWHU��P��DQG�%&�KDV�OHQJWK� �P��VLQFH�LW�LV�WKH�VXP�RI�WKH�UDGLL�RI�WKH
OHIW�KDQG�VHPLFLUFOH�DQG�WKH�FLUFOH���7KHUHIRUH��E\�3\WKDJRUDV
�7KHRUHP�

��WKDW�LV� ���6R� �DQG
WKH�UDGLXV�RI�WKH�FLUFOH�LV� P�

(� + r)

(� + r)� = �� + (� − r)� � + �r + r� = � + � − �r + r� �r = �
�
�

�Note that triangle is a�������triangle with sides P� P and P��BCD �
�

�
�

�
�

��� & )LUVWO\�ZH�JLYH�H[DPSOHV�WR�VKRZ�WKDW�3DXO
V�DQVZHU�FRXOG�KDYH�EHHQ�DQ\�RI�$�
%��'�RU�(�
���������$���,I� �LV�SULPH�WKHQ�WKH�RQO\�IDFWRU�RI� �RWKHU�WKDQ�LWVHOI�LV���
���������%���7DNH� ���,WV�IDFWRUV�DUH������DQG����DQG� �
���������'���7DNH� ��,WV�IDFWRUV�DUH���������DQG����DQG� �
���������(����7DNH� ��,WV�IDFWRUV�DUH���������DQG�����DQG� �

n n
n = � � + � = �
n = � � + � + � = �
n = �� � + � + � = �

:H�QRZ�VKRZ�WKDW�3DXO
V�DQVZHU�FDQQRW�EH�&���,I�WKH�VXP�ZHUH����WKHQ�WKH�IDFWRUV
RI �RWKHU�WKDQ�LWVHOI�ZRXOG�KDYH�WR�EH���DQG�����DV�ZH�DUH�QRW�DOORZHG�WR�UHSHDW
DQ\�QXPEHU�LQ�WKH�VXP��+RZHYHU��LI���LV�D�IDFWRU�RI� ��WKHQ���LV�DOVR�D�IDFWRU�
ZKLFK�SURGXFHV�D�FRQWUDGLFWLRQ�

n
n

��� ' /HW�WULDQJOH� �KDYH�DUHD� ���1RWH�WKDW�
�YHUWLFDOO\�RSSRVLWH�DQJOHV��DQG� ��DOWHUQDWH
DQJOHV���VR�WULDQJOHV� �DQG� �DUH�VLPLODU�

CEF a ∠AFD = ∠CFE
∠DAF = ∠ECF

ADF CEF
1RWH�DOVR�WKDW�WKH�VLGH� �LV�WZLFH�WKH�OHQJWK�RI�WKH
FRUUHVSRQGLQJ�VLGH� �

AD
CE

+HQFH�
�L��WULDQJOH� �KDV�DUHD� �DQG�ADF �a
�LL� �KDV�WZLFH�WKH�OHQJWK�RI�WKH�FRUUHVSRQGLQJ�VLGH� �AF CF

A B

CD

E
F
P

Q

9LHZ �DQG� �DV�EDVHV�RI�WKH�WULDQJOHV� �DQG� ��ZKLFK�WKHQ�VKDUH�WKH
VDPH�KHLJKW����7KHUHIRUH��E\��LL���WULDQJOH� �KDV�WZLFH�WKH�DUHD�RI�WULDQJOH�
�DUHD ���ZKLFK�WKXV�LV� �
7KH�DUHD�RI�WULDQJOH� �LV� ��VR�WKDW�RI�WULDQJOH� �LV�DOVR� �DQG�WKDW
RI�DUHD� �LV� ��6R�WKH�UHTXLUHG�UDWLR�LV� �

AF CF ADF CDF
ADF CDF

P �a
ACD �a ABC �a

Q �a � � �


